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We numerically and experimentally investigated the Cherenkov-type second harmonic gener-

ation of structured fundamental wave, whose phase was periodically modulated, in periodically

poled nonlinear crystals. The Cherenkov-type second harmonic generation with di®erent
parameters of the structured fundamental wave was investigated. The experimental results are

in good agreement with the theoretical analysis. This study provides a method of dynamically

tailoring the Cherenkov-type second harmonic wave and also has potential application in other

nonlinear frequency conversion processes.
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1. Introduction

Nonlinear Cherenkov radiation (NCR) has been extensively studied in nonlinear

optics.1–4 It is the extension of the conventional Cherenkov radiation (CR) in which

the coherent light can be emitted when a charged particle travels faster than the

speed of light in a medium, in the ¯eld of nonlinear optics. Similarly, in the case of

NCR, it occurs when the phase velocity � of the fundamental wave (FW) surpasses

the harmonic radiation's phase velocity �0 in a nonlinear optical crystal.5 In the

second harmonic (SH) process, SH signal can be radiated at an angle de¯ned by

the longitudinal phase-matching condition cos � ¼ �0=� ¼ 2jk1j=jk2j, with � denoting the

emission angle of NCR, k1, k2 being wave vectors of FW and SH waves, respectively.6

Early works have reported NCR in a thin-¯lm waveguide.7 While with the concept of
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quasi-phase-matching (QPM) brought forward, it has been shown that this type of

NCR is easier to observe in nonlinear photonic crystals (NPCs) with spatial modu-

lation of the second-order susceptibility �ð2Þ.8–11 In previous researches, controlling

the emission properties of SH signals had drawn lots of attention. There were mainly

two methods to tailor the emission of NCR, e.g., by means of designing the structure

of NPCs or manipulating the incident FW. In the ¯rst method, the Cherenkov-type

SH emission was ¯rst reported in one-dimensional (1D) NPCs.9 Then, several pub-

lications reported on the Cherenkov-type SH emission in di®erent types of 2D NPCs,

such as rectangular, annularly, decagonal, and partially or totally disordered poled

structures.10–12 The theoretical systematic analysis of tailoring Cherenkov-type SH

in 2D NPCs with longitudinal modulation of the second-order susceptibility �ð2Þ was
given in Ref. 13. In addition, the intensity enhancement of NCR at the interface of

two di®erent nonlinear media was experimentally demonstrated.14–18 However, this

method encounters some restrictions and in°exibility due to technical di±culties in

fabricating arti¯cial structures and unchangeable SH patterns. Hence, an alternative

method paid attention to manipulating the FW incident. For instance, the Cherenkov-

type SH emission could be dramatically enhanced by tuning the incident angle

of the FW.19,20 The intensity of the Cherenkov-type SH ring in the azimuthal

direction could be modulated by varying the polarization of the FW.21,22 It has

been shown that changing the beam width of the incident beam not only a®ects

the strength of NCR but also changes the sensitivity of the emission process to

wavelength tuning.23 Furthermore, the Cherenkov-type SH was also in°uenced by

beam position, wavelength, and so on.24 However, in these works, the attention was

only paid on some simple parameters, which also limit the controllability of the

Cherenkov-type SH wave.

In our previous researches, the concept of structured FW,25–28 whose phase

structure was periodically or randomly modulated by a spatial light modulation

(SLM) in real time, was introduced into nonlinear frequency conversion processes. In

this scheme, more degrees of freedom of the FW can be manipulated. This is crucial

for the SH shaping and it would also be more °exible for controlling the Cherenkov-

type SH emission.

In this paper, we numerically and experimentally investigated the Cherenkov-

type SH generation of structured FW, whose phase was periodically modulated, in

periodically poled nonlinear crystals. As shown in Fig. 1, NPC was modulated along

x-axis, the FW was modulated along an angel � with x-axis, and the reciprocal vector

direction provided by NPC and the FW was Gk and Gm, respectively. In case of

� ¼ 90�, the Cherenkov-type SH signal split into di®erent orders. The odd-order

Cherenkov-type SH disappeared when � ¼ � and the duty cycle D ¼ 0:5. In case of

� ¼ 0�, the length along x-axis of the strip-shaped Cherenkov-type SH was longer

than the case of without phase modulation of the FW. Moreover, with the changing

of �, di®erent orders of the strip-shaped Cherenkov-type SH on the screen were

always arranged along the direction of Gm.
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2. The Theoretical Analysis

The FW propagates along y-axis of the nonlinear crystal, as shown in Fig. 1. Without

phase modulation, the FW can be de¯ned as E1 ¼ A1e
�iðk1y�!tÞ, where A1 and k1 are

the maximum pump amplitudes at the center and wave vector of the FW, respec-

tively. When the phase of the FW is periodically modulated, under the nondi®raction

assumption, the FW can be described as an expansion of Fourier series:

E1 ¼ A1ðx; zÞ
Xþ1

m¼�1
Cme

�iGm�re�iðk1y�!tÞ; ð2:1Þ

where A1ðx; zÞ is the amplitude of the fundamental ¯eld and for a Gaussian beam it

reads A1ðx; zÞ ¼ A1e
�ðx2þz2Þ=a2 with a being beam diameter. Cm and jGmj ¼ 2�m=�

(� is the modulated period of the FW) denote the Fourier coe±cients and the

reciprocal vectors of the FW, respectively. r ¼ x cos �þ z sin � is the transverse co-

ordinate, � is the angle between Gm and Gk, as illustrated in Fig. 1. If the phase of

the incident FW is periodically modulated from 0 to � and the duty cycle D is 0.5,

which is de¯ned by the ratio of the length of the phase with � to the entire period of

the phase modulated structure, the Fourier coe±cients are C0 ¼ 1
2 ð1þ ei�Þ and

Cm ¼ i½cosðm�Þ�1�
2m� ð1� ei�Þ.28

Under the undepleted pump approximation of the FW and slowly varying envelop

of the SH wave, the amplitude of the SH can be governed by the coupled wave

equation:

@

@y
þ i

2k2

@2

@x2
þ i

2k2

@2

@z2

� �
A2ðx; y; zÞ

¼ �igðxÞ�2A1
2ðx; zÞei�ky �

Xþ1

m¼�1
Cme

�iGm�ðx cos �þz sin �Þ
" #

2

; ð2:2Þ

Fig. 1. Schematic of the experimental setup. The extraordinarily polarized FW with phase periodical

modulated from 0 to � propagates along y-axis of a periodical poled NPC, and the emitted Cherenkov-type

SH pattern is projected onto a screen behind the crystal.
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where �k ¼ k2 � 2k1 is the wave vector mismatch between the SH wave and FW,

gðxÞ is the function characterizing the spatial distribution of the �ð2Þ. For a peri-

odically poled NPC, it can be represented as a Fourier series: gðxÞ ¼ Pþ1
k¼�1 gke

iGkx,

where gk represents the Fourier coe±cients of the crystal structure. In this case,

gkðk 6¼ 0Þ ¼ 2 sinð�kDÞ=�k and g0 ¼ 2D� 1 with the duty cycle D of the NPC de-

¯ned by the ratio of the length of the positive domains to the entire period of the �ð2Þ

structure. �2 ¼ k2�
ð2Þ=ð2n2

2Þ is the nonlinear coupling coe±cient, with n2 being the

refractive index of the SH.

In order to ¯gure out Eq. (2.2), we represent the amplitude through the 2D

Fourier spectrum:

A2ðkx; y; kzÞ ¼
Z
A2ðx; y; zÞeikxxeikzzdxdz; ð2:3Þ

where kx; kz are wave vectors of the FW along the x-axis and z-axis, respectively.

By substituting Eq. (2.3) into Eq. (2.2), we can obtain

@

@y
� iðkx2 þ kz

2Þ
2k2

� �
A2ðkx; y; kzÞ

¼ �i�2e
i�ky �

Z
A1

2ðx; zÞgðxÞ
Xþ1

m¼�1
Cme

�iGm�ðx cos �þz sin �Þ
" #

2

� eikxxeikzzdxdz: ð2:4Þ

Then, the amplitude of the SH can be expressed as

A2ðkx; y; kzÞ ¼ �iy�2e
i �kþkx2þkz2

2k2

� �
y
sin c2 �k� kx

2 þ kz
2

2k2

� �
y

�
2

� �

�
Z
A1

2ðx; zÞgðxÞ
Xþ1

m¼�1
Cme

�iGm�ðx cos �þz sin �Þ
" #

2

eikxxeikzzdxdz;

ð2:5Þ

where y is the interaction distance of the nonlinear process.

Finally, integral in Eq. (2.5) and considering the spectral density of the SH

I2ðkx; y; kzÞ ¼ jA2ðkx; y; kzÞj2, we have the following expression:

I2ðkx; y; kzÞ ¼
�

2
a2�2yA1

2
� �

2
sin c2 �k� kx

2 þ kz
2

2k2

� �
y

�
2

� �

� bq
Xþ1

k¼�1
gk

Xþ1

q¼�1
e�

a2

8 ðGkþkx�Gq cos �Þ2e�
a2

8 ðkz�Gq sin �Þ2
" #

2

ð2:6Þ

with bq ¼
Pmþn¼q

m;n jCmCnjðq ¼ mþ nÞ being the Fourier coe±cients of the SH and

the summation from �1 to þ1;Gq ¼ Gm þGn.
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3. Experimental Results and Discussion

In our experiment, the FW was delivered from a mock-locked Nd:YAG nanosecond

laser with the wavelength at 1064 nm. The phase structure of the FW was modulated

by an SLM and it has a resolution of 1920� 1080 pixels. After the SLM, the FW was

imaged by a 4-f system to imprint the structured FW to the onset of a periodically

poled crystal. Without loss of generality, periodically poled LiNbO3 (PPLN) fabri-

cated by electric ¯eld poling technique was used in the experiment at the room

temperature. The size of the PPLN was 11:0mm ðxÞ � 0:5mm ðyÞ � 1:0mm ðzÞ and
the duty cycle D ¼ 0:5. The period � of the PPLN was 10�m. The FW was kept as

e-polarized and propagated along y-axis of PPLN, as shown in Fig. 1. The type of the

Cherenkov-type SH generation process is e1e1 � e2. According to the Sellmeier

equation, n1 ¼ 2:1483 and n2 ¼ 2:2246. The beam diameter a at the input facet of

the sample was about 2mm. After the PPLN, the FW was ¯ltered out by a short-

pass ¯lter and the Cherenkov-type SH wave was projected on a screen located 13 cm

behind the crystal. Finally, the SH pattern was captured by a camera.

In order to illustrate the di®erent SH phenomenon caused by phase modulation of

the FW, we did a comparative experiment. First, without phase modulation of the

FW, as shown in Fig. 2(a), the simulated and experimental results are shown in

Figs. 2(b) and 2(c), respectively. The Cherenkov-type SH exhibits as a symmetric

strip-shaped distribution with respect to the propagation direction of the FW.

However, in the experiment, the longer Cherenkov-type SH signal is caused by the

thickness of the crystal, the position of screen after the PPLN, and the imperfect

domain wall structure of the PPLN. The corresponding external angle of the

Cherenkov-type SH is �35� in the experiment. This is in good agreement with the

theoretical prediction (� ¼ sin�1fn2 sin½cos�1ð2k1=k2Þ�g ¼ �35:3�).
Second, the phase of the FW was periodically modulated from 0 to �=2 with the

duty cycle D ¼ 0:5; � ¼ 90�, and the modulated period of the FW � ¼ 65�m, re-

spectively. The phase structure of the FW is shown in Fig. 2(d). In this case, the

previous strip-shaped Cherenkov-type SH in each side is split into di®erent orders.

The simulated result is shown in Fig. 2(e). As can be seen from the experimental

result shown in Fig. 2(f), 0 to 8-order of the strip-shaped Cherenkov-type SH can be

observed. The intensity of the di®erent orders Cherenkov-type SH is proportional to

the Fourier coe±cients bq ¼
Pmþn¼q

m;n jCmCnj. In this situation, each order of bq is

nonzero and higher order Cherenkov-type SH signals are not observed owing

to smaller Fourier coe±cients bq, which also leads to the shorter strip-shaped

Cherenkov-type SH. Besides, the relative distance between di®erent orders strip-shaped

Cherenkov-type SH is increasing with decreasing of the modulated period of the FW,

which can be observed in the experiments.

Next, the Cherenkov-type SH was observed with changing parameter �. From the

Fourier coe±cient of C0 ¼ 1
2 ð1þ ei�Þ and Cm ¼ i½cosðm�Þ�1�

2m� ð1� ei�Þ, the value of �

determines the relative values of Cm. According to Eq. (2.6), the intensity of the

Cherenkov-type SH I2 / bq
2ðbq ¼

Pmþn¼q
m;n jCmCnj). Hence, the value of � in°uences
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the relative intensity of the di®erent orders Cherenkov-type SH. However, the in-

teresting phenomenon is observed when � ¼ �. Figure 3(a) represents the phase

structure of the FW with the duty cycleD ¼ 0:5; � ¼ 90� and � ¼ 65�m. In this case,

odd-orders strip-shaped Cherenkov-type SH disappeared. Compared with the case of

� ¼ �=2 in Figs. 2(e) and 2(f), the corresponding simulated and experimental results

displayed in Figs. 3(b) and 3(c) clearly show that the odd-ordered strip-shaped

Cherenkov-type SH was not observed. This phenomenon is similar to the nonlinear

Raman–Nath SH generation analyzed in Ref. 28, which was caused by bq ¼Pmþn¼q
m;n jCmCnj ¼ 0 (the value of Cm is 0 if m is even) for the odd-orders of the

Cherenkov-type SH.

Then, the structure of the FW was periodically sharply modulated from 0 to �=2

and � ¼ 0�, as shown in Fig. 4(a). The simulated and experimental results are shown

in Figs. 4(b) and 4(c), respectively. Figures 4(d) and 4(e) show the pro¯le of the

Cherenkov-type SH along x-direction corresponding to the FW of Figs. 2(a)

and 4(a), respectively. In Fig. 4(d), the full width at half maximum (FWHM) of the

Fig. 2. (a) The structure of the FW without phase modulation. (b) and (c) The simulated and experi-

mental results of the Cherenkov-type SH corresponding to (a). (d) The phase structure of the FW mod-

ulated from 0 to �=2 with � ¼ 65�m and D ¼ 0:5. (e) and (f) The simulated and experimental results of
the Cherenkov-type SH corresponding to (d).
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Cherenkov-type SH is 0.50 cm and 0.13 cm in experiment and theoretical calculation,

respectively. When the phase of FW was periodically modulated from 0 to �=2, the

FWHM of the Cherenkov-type SH is 0.66 cm and 0.16 cm in experiment and theo-

retical calculation, respectively. Compared with Fig. 2(d), in which the phase of the

Fig. 3. (a) The structured FW modulated from 0 to � with � ¼ 65�m and D ¼ 0:5. (b) The simulated

result of the Cherenkov-type SH corresponding to (a). (c) The experimental result of the Cherenkov-type

SH corresponding to (a).

Fig. 4. (a) The phase structure of the FWmodulated from 0 to �=2 with � ¼ 65�m andD ¼ 0:5. (b) and

(c) The simulated and experimental results of the Cherenkov-type SH corresponding to (a). (d) The pro¯le

of the Cherenkov-type SH along x-direction without phase modulation of the FW. (e) The pro¯le of the
Cherenkov-type SH along x-direction corresponding to (a).
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FW is not modulated, the strip-shaped Cherenkov-type SH shown in Fig. 4(e) is

longer. This phenomenon is caused by the additional structure of the FW.

Furthermore, the Cherenkov-type SH was observed with � changing. We ¯nd that

di®erent orders of the strip-shaped Cherenkov SH on the screen were always ar-

ranged along the direction of Gm. Without loss the generality, we show the case of

� ¼ 51�. The phase of the FW is periodically modulated from 0 to �=2 and the period

90�m, as illustrated in Fig. 5(a). In Fig. 5(b), the theoretical result shows di®erent

orders of Cherenkov-type SH arranged along 51� with respect to the x-direction in

the screen plane. In the experiment shown in Fig. 5(c), such angle is 51:06�.
This study provides a way of dynamically tailoring the Cherenkov-type SH wave.

Compared to the �ð2Þ modulation, it is more °exible to modulate the FW itself

because this method does not require complex sample fabrication procedures. The

FW can be controlled by an SLM in real time, whereas SH generation in NPCs is

fundamentally restricted by their predesigned structures. In contrast to other

researches of changing some simple parameters of the incident FW (such as beam

waist, polarization, position, incident angle, and so on), we introduced the concept of

structured FW into tailoring the Cherenkov-type SH emission process. By this way,

more degrees of freedom of the FW can be controlled and this is of great practical

importance for the Cherenkov-type SH shaping.

4. Conclusion

In conclusion, we numerically and experimentally investigated the Cherenkov-type

SH generation of the structured FW, whose phase was periodically modulated, in

periodically poled nonlinear crystals. In case of � ¼ 90�, the Cherenkov-type SH split

into di®erent orders. The odd-orders Cherenkov-type SH disappeared when

� ¼ �;D ¼ 0:5. In case of � ¼ 0�, the strip-shaped Cherenkov-type SH was longer

Fig. 5. (a) The phase structure of the FW with � ¼ �=2 and � ¼ 51�. (b) The simulated result of

the Cherenkov-type SH corresponding to (a). (c) The experimental result of the Cherenkov-type SH

corresponding to (a).
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than the case of without phase modulation of the FW. Moreover, with changing of �,

di®erent orders of the strip-shaped Cherenkov SH on the screen were always

arranged along the direction of Gm. Experimental results are in a good correspon-

dence with the theoretical analysis. This study provides a method of dynamically

tailoring the Cherenkov-type SH wave and also has potential application in other

nonlinear frequency conversion processes.
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